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ABSTRACT
In this paper we show that every sequence (Fy,) of finite dimensional sub-
spaces of a real or complex Banach space with increasing dimensions can
be “refined” to yield an F.D.D. (Gy), still having increasing dimensions,
so that either every bounded sequence (z,), with z, € G, for n € N, is
weakly null, or every normalized sequence (z,), with z, € G,, for n € N,
is equivalent to the unit vector basis of £;.

Crucial to the proof are two stabilization results concerning Lipschitz
functions on finite dimensional normed spaces. These results also lead to
other applications. We show, for example, that every infinite dimensional
Banach space X contains an F.D.D. (F,), with limu_ o dim(F,) = oo,
so that all normalized sequences (z.), with zp, € Fy, n € N, have the
same spreading model over X. This spreading model must necessarily be

1-unconditional over X.

1. Introduction

Let (F;,) and (Gr) be two sequences of finite dimensional subspaces of a Banach
space X. We say (F;,) is large if lim, oo dim F,, = oco. We say (G,) is a
refinement of (F,) if there is a strictly increasing sequence (k) C N so that G,
is a subspace of F}, for all n € N. If each (F5,) has a given basis b, = (f,~("): 1<
¢ < dim Fy,), we say (G) is a block refinement of (F;,) with respect to (b, ) if
for some (k,) as above, Gy, is spanned by a block basis of by, for all n. (F,) is
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called an F.D.D. (Finite Dimensional Decomposition) if (F},) is a Schauder-
decomposition for its closed linear span. It is readily seen (using the standard
Mazur argument) that every large sequence (F,,) has a large F.D.D. refinement
(Gy.); moreover (G, ) can be chosen to be a block-refinement of (F,, ) with respect
to (b,) for a given sequence of bases (b,,) of the F.D.D. We say (G,) is weakly
null if every bounded sequence (z,) with (z,) € Gy for all n, is weakly null.
We say (Gy) is uniformly-¢; if there exists a C' > 0 such that all normalized
sequences (z,) with z,, € G,, for all n, are C-equivalent to the unit vector basis
of £,. Of course (G,,) is uniformly-¢, precisely when (G, ) is an ¢;-F.D.D.; that
is, the closed linear span of the G,’s is canonically isomorphic to (3~ ®G.)1, the
space of all sequences (gn) with g, € G, for all n and }|(g» )| U S lgall < oo.

Except as noted, our terminology is standard and may be found in the book
[LT]. All Banach spaces are assumed to be separable.

If (z) (resp. (Gy)) is a (finite or infinite) sequence of elements of (resp. finite-
dimensional subspaces of ) a Banach space X, [z,] (resp. [G]) denotes the closed
linear span of (z,) (resp. (Gn)). Sx denotes the unit sphere of X and Ba(X) its
unit ball.

Our main result is the following.

THEOREM 1: Let (F,) be a large sequence of finite-dimensional subspaces of a
Banach space X. Then there exists a large refinement (G,,) of (Fy) so that either
(Gy) is a weakly null FDD or (G,,) is an £,-FDD. Furthermore if there is a given
sequence (b,) of bases of the F,’s with uniformly bounded basis constants, then
the above sequence (Gy) can be chosen to be a block refinement of (F,) with
respect to (by,).

Theorem 1 can be viewed as a block version of the £;-theorem of the second
named author, which says that every normalized sequence (z,) in a Banach space
X has a subsequence which is either equivalent to the unit vector basis of ¢, or is
weak Cauchy [R1]. Using Krivine’s theorem [K] (which is also used the in proof
of Theorem 1), one gets further structural consequences of this block version.
Krivine’s theorem (as refined in [R2] and finally in [L]) may be formulated as
follows:

Given a large sequence (Fy,) of finite-dimensional subspaces of a Banach space

with bases (f,) with uniformly bounded basis constants, there exists a block
refinement (Gy) of (F,,) with block bases (gn) of the f,’sand 21 < p < o0 so
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that for all n, n = dim(G,) and g, is 1 + L-equivalent to the unit vector basis
q

of Z;.

Of course it thus follows that the G,’s in the conclusion of Theorem 1 can be
chosen to be uniformly isomorphic to £, for some 1 < p < co. We thus obtain

immediately the following result.

COROLLARY 2: Let (F,) be a large sequence of finite dimensional subspaces of a
Banach space X, with given bases (b, ) with uniformly bounded basis constants;
and assume no normalized sequence (f,) with f, € F, for all n, has a weak
Cauchy subsequence. Then there exists 1 < p < oo and a block refinement
(Gr) of (F,) with respect to (b,), such that [G,)] is canonically isomorphic to

(oo

Now Corollary 2 trivially implies that if X has the Schur property and contains
£3’s uniformly, then (©£;)1 embeds in X. Of course this is trivial if 1 < p < 2,
since then £, is finitely represented in ;. However the following immediate block

version does not appear to be obvious for any value of p larger than 1.

COROLLARY 3: Let X have the Schur property, and suppose, for some 1 < p <
00, that £, is block finitely represented in a particular basic sequence (z;) in X.
Then some block basis of (z;) is equivalent to the natural basis of (3 @f,’,‘)l.

A famous question in Banach space theory was whether any infinite dimen-
sional Banach space X which does not contain £; isomorphically must contain
an infinite-dimensional subspace with a separable dual. This is equivalent to
asking whether such an X contains a shrinking basic sequence (z,); i.e., a basic
sequence (z,) so that each bounded block basis (yn) is weakly null. Of course
if (zn) is such a sequence and (k) is an increasing sequence in N U {0} with
kn41 — kn — oo, then setting F, = [ac.-]f;}c':“, (F) is a large weakly null FDD,
However T. Gowers [G2] has recently solved the general problem in the negative;
i.e., there is a Banach space X not containing ¢;, with no shrinking basic se-
quences. Nevertheless, Theorem 1 gives at once that every basic sequence in any
X not containing £y has a block basis (z,) which yields large weakly null FDD’s

as above.

COROLLARY 4: If £, is not isomorphically contained in X and (y,) is a basic

sequence in X, then given an increasing sequence (k) C NU{0} with ky41—kn —
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oo, there exists a block basis (x,) of (yn) so that (Fy) is weakly null, where

F, = [wi]f;t:“ for all n.

Another corollary of Theorem 1 is the following result, stated in [R6, Corol-
lary 22] and proved there using Theorem 1 and the Borsuk antipodal map-

ping theorem. Corollary 5 was obtained independently by W. B. Johnson and
T. Gamelin [CGJ].

COROLLARY 5: Assume ¢, does not embed in X, where X is an infinite dimen-
sional Banach space. Then there exists a normalized weakly null basic sequence

(z;) in X possessing a normalized sequence of biorthogonal functionals.

The main tools needed to prove Theorem 1 will be the following two finite
dimensional “stabilization principles.” The first one was observed by V. Milman
(see {MS, p.6]) in connection with A. Dvoretzky’s famous theorem that in ev-
ery infinite dimensional Banach space one finds, for each ¢ > 0 and n € N, an
n-dimensional subspace F' which is (1 + ¢)-isomorphic to £5. The second stabi-

lization principle follows mainly from Lemberg’s [L] proof of Krivine's theorem.

FIRST STABILIZATION PRINCIPLE: For every C > 0, ¢ > 0 and k € N there
is an n = n(C,¢e,k) € N so that: If F is an n-dimensional normed space and
f: F = R is C-Lipschitz (i.e., |f(z) — f(y)| < C||z — y|| for z,y € F), then there
is a k-dimensional subspace G of F' so that

osc(flsg ) = sup{|f(z) ~ f(¥)|: =,y € Sg} <e.

SECOND STABILIZATION PRINCIPLE: Forall C > 0,¢ > 0 and k € N there is an
n = n(C,¢&,k) € N so that if F is an n-dimensional normed space with a basis
(zi)%,, whose basis constant does not exceed C, and if f: F — R is C-Lipschitz,
then there is a block basis (y;)%_, of (i), so that

osc(fls[m:;l) <e.

Since on the one hand the second stabilization principle nearly follows in a
straightforward manner from the proof of Krivine's theorem (the only exception
is the case F' = £2 ), but on the other hand does not follow from the statement
of Krivine’s theorem itself, we will sketch the proof in section 3.

The next result gives another application of the above stabilization principles.

The result yields that for a given Lipschitz function f and large sequence (F},)
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of X of finite-dimensional subspaces, there exists a large refinement (G,), a
Banach space E with a one-unconditional basis (e;), and a function ffE>R
so that for all sequences (z;) with z; € Sg; for all i, and all k, and all sequences
(a;) € Ba(fso)

k k
f(z aie.'> = s li>m f(z aszn,-) .
o y>Sm—eo” \ &2

The result may be formulated quantitatively as follows: (coo denotes the linear
space of finitely supported real valued functions on N. We write for A,B € R
ande >0,A=Bif|[A-B|<e¢.)

THEOREM 6: Let X be an infinite dimensional Banach space and let f: X - R
be Lipschitz. Let (€) C Ry withlim, oo €, = 0 and let (Fy,) be a large sequence
of finite dimensional subspaces of X. There exists a large refinement (Gp) of (Fp,)
and a function f: cgoNBa(fs) — R so that: For all k € N and ny,ng,...,ng € N
with k <ny < ng <--- < ny, and all (a;)5_; € Ba(£%),

k
flar,ag,...,0k,0,0,...) 2 f(Za.-:c.-)
=1

whenever z; € Sc"i for 1 < i < k. Moreover if each F,, has a given basis b,,
whose basis constant does not exceed some fixed number, (G,) may be chosen
to be a block refinement of (F,) with respect to (b,).

Theorem 6 has a consequence concerning spreading models, and in fact the
Banach space “E” given in the above qualitative formulation may be chosen to be
a spreading model of X. Recall that (see e.g., [BL] or [Q]) every seminormalized
basic sequence in X admits a subsequence (z,) satisfying: Forallz € X, k€ N
and (ag)Ll CR,

exists.

k
T+ Z ATy

=1

Im Hm .-+ lim
ny—00 Nz—00 ng—o0o0

The limit is denoted by |jz + Y°~_, a;e;|| and defines a norm on X @ E where
E = [¢;]. E is called a spreading model of X and X & E is called a spreading
model of (z;) over X. (¢;) is 1-unconditional over X ifforall z € X, (a;)f CR
and (g;) with |¢;| =1 for all ¢,

k
T+ Z ;e
i=1

k
T+ nga;e;
i=1
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COROLLARY 7: Every large sequence (F,) of finite dimensional subspaces of
an infinite dimensional Banach space X has a large refinement (G,) with the
following property: All sequences (z,), with £, € Sg, for n € N, have the same
spreading model E = [e;] over X. In particular (e;) is 1-unconditional over X.
Moreover, G, can be chosen, so that for all e > 0, k € N and z € X there exists
ko € N such that if kg <n; <ns < -+ < ny, then

whenever z; € Sg,, 1 =1,...,k, and (a;)_, € Ba(X).

k
z + Za;zg

=1

- k
T+ Za.-e.-

i=1

<

As usual, there is a corresponding “block refinement” version. Corollary 7
follows from Theorem 6 and a standard diagonal argument using the Lipschitz
functions f;(y) = ||z 4 y|| as = ranges over a dense subset of X. The result that
every Banach space X has a spreading model which is 1-unconditional over X is
due to the second named author, see [R4], [R5).

We note finally an application of Theorems 1 and 6 to the Banach-Saks prop-
erty. The following principle was discovered in 1975 (cf. [R2]; a proof may be
found in [BL]). '

Given (z;) a semi-normalized weakly null sequence in a Banach space, there is a
subsequence (') so that either (z);) has a spreading model isomorphic to ¢y, or

14 Y i=12}]l = 0 as n — oo for all further subsequences (z7) of (z}).

Now in fact one may assume in any case that (z}) generates a spreading model,
with basis (b;) say; then the second alternative occurs precisely when (b;) itself
is weakly null. In this case, one has |1 Y15l = 0 asn — co. Then, eg.,
setting e, = 2| 5, bjll, () can be chosen so that || 37_; 2}l < en for all
subsequences (z7) of (z}).

The following result now follows immediately from Theorem 1 and Corollary 7.

COROLLARY 8: Let (F};) be a large sequence of finite dimensional subspaces of
a Banach space X, so that no normalized sequence (f;), with f; € F; for all
7, has a subsequence equivalent to the ¢;-basis. Then there is a large weakly
null FDD refinement (G;) of (Fj), having one of the following mutually exclusive

alternatives:
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(1) (G;) is uniformly anti-Banach-Saks; that is, there is a § > 0 so that

1 n

lim — il > 6 lim

Jim = gg 2 6 lim Jigul
for all strictly increasing sequences (n;) in N and all sequences (g;) €
[152,BaGh;.

(2) (G;) is uniformly Banach-Saks; that is, there is a sequence (¢;) of positive

numbers tending to zero so that
1 n
~ 1> i Sen forall n,
j=1

all strictly increasing sequences (nj) in N, and all sequences (g;) €
H;—ix Ba Gy,;. Moreover if the F,,’s have bases b,, with uniformly bounded
basis constants, (G, ) may be chosen to be a block refinement of (F,) with

respect to (b,).

2. Proofs of Theorems 1 and 6

Proof of Theorem 1: Without loss of generality we can assume that X = C(K),
the space of all real or complex valued continuous functions on a compact metric
space K. For f € C(K) we let f* = max(f,0) in the real case; in the complex
case we put f* = min((Re f)*,(Im f)*). For A C K we let ||-|| 4 be the seminorm
on C(K) defined by || f||a = supge 4 |f(€)|- Let (Fy) be a large sequence of finite
dimensional subspaces of C(K). Since (F,) has a large FDD-refinement, we
assume without loss of generality that (Fy) is already an FDD.

We consider the following two cases.

CasE 1:
(1) For all nonempty closed sets K C K, all ¢ > 0 and all large refinements
(Hy) of (F,) there is a relatively open set U C K, U # §, and a large
refinement (H,) of (Hy,) so that

swp||fllv <e, for fe )5S,
neN



340 E. ODELL ET AL. Isr. J. Math.

CAsE 2:
(2) There are a nonempty closed set K¢ C K, €9 > 0 and a large refinement
(Hp) of (Fy) so that for all nonempty and relatively open sets U C Kj and
all further large refinements (H,) of (H.),

liminf sup ||h|lv > €0 -
n—oo hESg

n

Clearly, cases 1 and 2 are mutually exclusive and the failure of one implies the
other holds. We will show that assuming case 1, we can find a weakly null large
refinement (G,) of (Fn). Assuming case 2, we shall produce a uniformly-¢; large
refinement (G,) of (Fy).

Assume that (1) is satisfied and let € > 0 be arbitrary. Let K(® = K and
(H ,(.0)) = (Fp). We will choose by transfinite induction for each o < w; (where w;
is the first uncountable ordinal), a closed subset K{(*) of K and a large refinement
(H) of (F.,), so that

(3) K® C K® and, if K # 0, then K@ G K(*), whenever a < §.

(4) Except for perhaps finitely many elements, (H, ¢ )) is a refinement of (H. ,(‘a))

whenever a < 3.
(5) Forall ¢ € KN K®,

imsup sup {f(¢)|<e
f

n—oo
u(*)

Assume that for some a < wy, (K(),<, and (H,(,")).,<u have been chosen. If
a=v+1and KM =0 set K = ¢ and (H”) = (H). fa=~+1and
KO £ @, by (1) there exists a large refinement (H. ,(,a)) of (H 5.7)) and a relatively
open set U C K, U # 0, so that

Iflv <e forall fe|JSyem -
neN

Set K@) = KM\ U.
If & = limy, .o Y for some strictly increasing sequence (7va), set Ka={,enKva
and let (H ,(.°)) be a “diagonal sequence” of (H. 5.‘7'")),.,,,.@, chosen such that for

each m, except for perhaps finitely many terms, (H,(.“)) is a large refinement of

(H’("Ym)).
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Since K is compact and metric, (thus K satisfies the Lindel6ff condition) we
conclude that for some a < wy, K = K() for @ < # < w;. By (3) it follows
that K(®) = § and from (5) it follows that for all £ € K,

limsup sup |f(§)| <e.

n—o00 SHS.O')

We let (H,(f)) = (H,(,a)). Repeating this argument for a sequence (¢,,) C R4 with
em | 0 one obtains for each m € N, a large refinement (H,(f"')),,eN, of (H,(f"‘“)),
satisfying for all £ € K,

limsup sup |f(§)| <eéem .

n—oxo ”’(“m )

If we let (G,) be a diagonal sequence of (H,(f’")),.,men, still satisfying
limy, 0 dim(G,) = oo, we deduce that for all £ € K,

lim sup |f(£)]=0.

n=X f€Sc,

Thus (G, ) is a weakly null large refinement of (Fy).

We now assume that (2) is satisfied and let Ko C K, €0 > 0 and (H,) be as
in (2). Let &1 = £ in the real case and €; = £p/v/2 in the complex case. Let D
be a countable dense subset of Ky. By passing to a large refinement of (H,) we
can assume that

(6) lim sup |f(€)] =0 forall é€D.
R0 fe€SH,

Indeed, let d;,d>,... be an enumeration of D and let m; < my < --- be such
that dim Hy,, > 2n; then set H], = {z € Hp,: 2(d;) =0 for 1 < < n}. Now
dim H], > n for all n, so (H},) is the desired large refinement. Let £,/34 > § > 0.
By induction we will choose an increasing sequence of integers (k,,) and for each
n, a subspace G, of Hy, and a finite set II,, consisting of nonempty relatively
open subsets of Kj so that the following conditions are satisfied:

(7) dim(Gn) > n,
and

(8) Forevery g € Sg,,, and every U € II,,_; (let IIy = {Ky}) there are U;,U; €

II,,, Uy UU; C U, so that

g+|U1 2e—6 and ||9”Uz <é.
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Once we have chosen (G,) in this way we conclude that (Gy) must be uniformly-
£;. To see this, fix (f,,) with f, € Sg,, for all n € N. For each n, let A, = {k €
K: fo(k) > €1 — 8} and B, = {k € K: |fn(k)] < 6}. Evidently A,NB, =0
for all n. We shall show that (A,, Bp) is an independent sequence of pairs, in
the terminology of [R1]. Once this is done, a refinement of the argument in [R1]
yields that (f,) is c—--equlvalent to the £;-basis.

Indeed, we first can inductively choose sets (U,("): i=1,2,...,2%) c I™ so
that

fHos  >er—6 and [fallwr <6
U v U up

2i-1
i=1 i=1

and so that U} UUSY, c U™ forn € Nand j =1,2,...,27". Now fix N,
I and J non-empty disjoint subsets of {1,...,N}, say with TUJ = {1,...,N}.
We see that (1, c; An N[,y Bn is non-empty by defining the following sequence
of sets Co,C1,...,Cn: Let UY = Ko = Cy, 1 < n < N, and suppose Cp_1 is
chosen with C,_; = U(" Y for some 1 <j<2t Hnel, setC, = U.g'll,
otherwise set Cp, = Ué;') Then the C,’s satisfy that ﬂ ; Cn # 0 and for all n,
ChnCA,ifnel, C,CB,ifnel.

Now let Zﬁ_l la;j| =1 with a; = b; + ic, for j < N. By multiplying by —1, ¢
or —1 if necessary we may assume that Z;—] bt > 1/4. Let I={j < N:b; 20
andc¢; >0} and J = {j <N:b; >0and ¢; < 0}. Thus either

Y (bi+e) 2 or Y (bj-e¢j)2 % :

JElI j€J

o0

Suppose the first sum exceeds 1/8. Now by the independence of (A,, By), choose
k € K such that f;"(k) >e —6b6forj el and |fj(k)] < éfor j ¢ I. Let
fi(k) = B; +iC;. Then

| Zagf,(k)l | Im( a,f,(k)>|

= ',Z(%C;’ + Bjc;)
i=t1

> (4;C; + Bjc;) — Y |b;C; + Bc;|
j€I gl

(e1—9) €1
> 26> — .
=78 ” 16
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A similar estimate ensues if the second sum exceeds 1/8. Thus (f,) is indeed
g-equiva.lent to the £l-basis.

Assume that for some n > 1, II,,—; and k,—; (let ko = 0) are chosen. Now
consider the finite family of Lipschitz functions defined on C(K) by f =~ [|f*|lv,
U € II,—;. Since (H,) is large, we may use the first stabilization principle in
order to pass to a large refinement (H;) of (H;)i>k,_, so that for some family
@V: U €y, i € N) in RY we have
o -3 <l <o+ 5
whenever U € II,—1, i € Nand f € Sg.. From (2) we deduce that there exists
20 € N so that for all # > 4y and U € II,,; we have aEU) >e - %. Indeed,
in the real case we only have to observe that if ||f||y > €o then ||f*||u > & or
l(=F)Fllu = €o; in the complex we find for any f € C(K) for which ||f|lu > <o,
a point ¢ € U with |f(§)| > €0 and then a complex number a, with |¢| = 1, so
that Re(a- f(¢)) = Im(a- f(¢§)) = (a- f(€))*. Thus |i(a- f)*v > J5lfllv > &1
We deduce that

® Il > e - 5

foralU ell,_;,i>igand f € Sg‘,.
Now using (6), we pick, for each U € II,_;, an element £y € U N D and find
an i, > 4o so that dim(H;,) > n and so that

(10) sup [£(E)l < § -
Esgil

Let (f,)!=; be a finite -net for Sg,,- We find by (9) and (10) for each U €
II,,_;, non-empty open subsets VO(U),VI(U),. .. ,VI(U) so that f.;"lv.(v) > € — g
and || f,||vo(,,) < %, for s=1,2,...,£ This implies that for all f € Sg,, we have
"_f"VD(U) < 6, and for some 1 < s < £ (namely the s for which ||f — f,}| < &) we
have f+lv‘(v) > €1 — 6. Set

1, = {VJ‘”: Ue Hn_l} u {V,‘”’: 1<s<t,Uce Hn_x} :

Gn = fIil, and choose k, > kn_1 so that I:I;1 C Hg,. This completes the

induction and thus the proof of the first version of Theorem 1.
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The “block-version” of Theorem 1 is proved in exactly the same way using the
second stabilization principle instead of the first. We need only note that block
refinements could be taken wherever we took simple refinements. |

Proof of Theorem 6: As in the proof of Theorem 1 we will only show the first
version of Theorem 6. The “block-version” is left to the reader. We shall assume
that X is a Banach space over R. The complex case does not provide any further
difficulties.

Let f: X — R be Lipschitz and let ¢, | 0. We accomplish the proof by in-
duction, insuring the conditions in the Theorem for a fixed ¥ > 2. Precisely,
we shall choose for each k, a large sequence (Gs.k)) of finite dimensional sub-
spaces so that (G¥*") is a refinement of (Gs,k)) ((G’S.l)) = (F,)), and a function
C®): Ba(¢% ) — R, so that

floazy + -+ + ogzg) = CP(ay, ..., ax)

whenever (a4,...,ax) € Ba(¢,) and z; € S(Gs‘k‘)), foralll1<n; <nyg <--- <
ng.

Once this is done, then by diagonalization we finally find a large refinement
(G») of (Fn) and functions C®: Ba(¢%) — R, k € N so that for all k € N and
all k <ny; <ny <--- < ni we have

floqzy + azzz + -+ + akzi) o C(k)(al, TS,

whenever z; € Sg, , for i =1,2,...,k.
Clearly we have that

C(k)(al,ag,...,ak) = C(H"')(al,ag,...,ak,O,O,...,0)
for k,s € N and (a1, az,...,0;) € Ba(£X,), and, thus, if we put
flay,...,ax,0,0,...) = C(k)(al,az,...,ak) s

for k € N and (a;)%_, € Ba(£%), f has the required properties.
o

=1
We now indicate in detail how to carry this out for & = 2. First note the

following
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FacT: Let g: Sx — R be Lipschitz and let (L) be any large sequence of finite
dimensional subspaces of X. Let 6, | 0. There exist a large refinement (L) of
(Lyn) and C € R such that for alln and y € Sy _, we have g(y) o

This follows easily from the first stabilization theorem. One first obtains a
large refinement (L,) of (L) and (C,) C R such that g(y) = C,, fory € 5; .
(Cn) is bounded so for some subsequence (C%,) and C' € R, |Ct, — C| < 6,,/2
for all n. Let L, = Lk,.

Let H; = Fi. Choose finite sets Dy C D; C -+ C Ba(f2 ) and D, C D, C

- C Sy, so that for all n, D, is an €,-net for Ba(¢2,) and D, is an ¢,-net for

SHl For z € Sy, and (a,B) € Ba(f%,), y — f(az + By) is a Lipschitz function
on X. Thus by iterating the fact above a finite number of times we obtain a large
refinement (F(1 Moo | of (Fy) and (C(ay, B,%))(a,8,5)eDyxD, C R such that for
all (o, 8) € Dy, z € Dy and y € FMY,

f(az + By) 2 C(a, B, 2) .

Repeating this argument inductively we obtain for all k € N, a large refinement
(FEDyey of (Fi70)e2, and (C(e,B,2))(a g0 xDs such that

f(az + By) 2 C(a, B, )

if (a,8) € Dy, z € Dy and y € FM9, By diagonalization we obtain a large
refinement (F( )) >, of (Fy) with the property
(i) For k€N, (a,8,z) € Dy x Dg,n 2 k,and y € F,(,l),

floz + By) 2 C(a, B,z) .

Suppose that the Lipschitz constant of f is K > 1, i.e., |f(z)— f(y)| < K||z—y||.
Then for (a, 8), (', 8') € Ba(£2,), z,2' € SH,, and |ly|| = 1, we have

|f(az + By) - f(a's' + A'y)| < Kl[(az — o'z) + (a'z ~ o'z") + (8 - Ay
<K(la-d|+]8-B1+]z-2|) .

From this and (i) we obtain

(i) IC(arB,2) = Olals B',a)] < Kl — o] +18 — 8] + 1z - oI
whenever (a, 8),(o/, ') € |UDn and z,z’ € |JD,. Thus we can uniquely extend
C(a,B,7) to a function CMl: Ba(f%) x Sy, — R which satisfies (ii) for all
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(a,B),(c!,B') € Ba(£,) and z,z' € Sy,. Furthermore, by replacing (F,(.l)) by
an appropriate subsequence, we may assume that
(iii) Forn € N, (o, 8,7) € Ba(f2,) x Sy, and y € SEw,

flaz + By) 2 C(a, B,2) .

Set H; = F,(,i) where n, is chosen so that dim H; > dim Hy. Proceeding as

above we obtain a function
CP: Ba(€%) x Sy, = R

and a large refinement (F,(.z)) of (F,(.l)) so that
(%)  I1C®(a, B,2) — CB(a!, B, )] < K[l — /| + 18 — B + 1z — o'|]
for all (o, 8),(a’,B') € Ba(¢2)) and z,z' € Sy, and

(v) oz +By) 2 CW(a,B,z)
for all z € Sh,, (o, B) € Ba(£%,) and y € Sp-

We continue in this manner obtaining a large refinement (H,) of (F,) and, for
k € N, functions CI¥: Ba(€2,) x Sy, SR satisfying

(vi)  |CH(e, B,2) - (!, B',2")| < K[la = &'| + |8 = B'| + |I= — ']
for (a, B),(a’,B') € Ba(£%,) and z,z' € Sy, and
(vii)  f(az + By) 2 CH(q, 4,2)
for all (e, B) € Ba(£2,), = € Sh, and y € Sy, withn > k.
(Actually it might be necessary to pass to a subsequence of (H,) to obtain the
precise estimate (vii).)

We now apply the first stabilization result to finite sets of functions Cl¥(a, 8, -).
Let n € Nand 0 € € < min{la — |+ |8 - B']: (a,8) # (o,8') € D,}.
Consider for a fixed k the Lipschitz functions C!*l(a, 8,-): Sy, — R for (a, 8) €
D,.. If dim Hi is sufficiently large there exists Hy C Hi, dim Hiy > n and
(C¥a,8))(ap)ep, C R so that CH(a,8,2) £ C*(a,B) for all z € Sg, and
(a, B) € Dy,,. Thus this plus (vi) yields

IC¥e,B) = CX(d, )| < K[la —a'| + |8 - B']] +2¢
<3K[la—d|+ 8- 8]

for (a, ), (@', 8') € D;. The last inequality holds by the choice of € and the fact
that K > 1.



Vol. 84, 1993 WEAKLY NULL FDD’S 347

We inductively use this argument for the parameters (n,é,) where £, | 0
rapidly chosen depending on (D,) and (e,). We obtain a large refinement (I,)
of (Hy) with dim I, > n and functions C™: D,, — R satisfying
(viii)  |C™(a,B) — C*(o,B')| < 3K {la—o'|+|8 - B|] for (a,B),(a’,8') € Dy,
and

(ix) For all z € Sj, and (a, ) € Dy,

flaz + By) gn C"(a, ) whenever y € Sp, , g>n.

For n € N, the function (C¥|p, k> are uniformly Lipschitz. Thus by a compact-
ness argument we can find a Lipschitz function C(®: UD; - Rand ky < k2 < -
so that for all n and (, 8) € Dy,

Ca, ) Z C*(a,B) .

C® thus uniquely extends to a continuous function C(?: Ba(¢2) — R. Letting
(GP)22, be a suitable subsequence of (Ix,) we obtain
(x)  F(aTn, + BEny) = CD(a, B) for all (a, ) € Ba(2,),
ny < ng, Tn, € SG(z) and z,, € SG(:)
which was what was needed to be proved in "the case k = 2. ]

3. A Sketch of the Proof of the Second Stabilization Principle

The reader unfamiliar with Lemberg’s proof might first wish to read that ar-
gument (see [MS, Ch.12]). In order to shorten the proof we will not only use
Lemberg’s proof of Krivine’s theorem but also the quantitative version of this

theorem.

THEOREM 9 (see [R3]): For every C > 1, ¢ > 0 and k € N, there is ann =
n(C,e,k) € N so that: If F is a Banach space of dimension n and if (f;), is a
basis of F having basis constant not exceeding C, then there exists a block basis
(9i)E, of (fi), and a p € [1,00] so that (g;)_, is (1 + ¢)-equivalent to the unit
basis of £5.

In view of Theorem 9 we only have to prove the second stabilization principle
for finite dimensional £,-spaces. Using a compactness argument, similar to the
argument of [R3] by which Theorem 9 was deduced from the finite dimensional

version of Krivine’s theorem, we only have to show the following claim.
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CLAIM 1: Let X =£,,1 < p < 00, or X = ¢q, and let f: X — R be a Lipschitz
function. For each € > 0 and k € N there exists a block basis (y;)%, of (e;) (the

unit vector basis of X ) so that osc(f|s ) <e.

wilf,
Proof of Claim 1: We need some notation. For z,y € cop we say z and y have the
same distribution, and write 2"y, if z = ZLI ajen; andy = 2?:1 ajep,; for
some k € N, (a;),l‘:l CR,resp. C,and n; <ny < ---ngand my <mg <---my.
We define for z,y € X N coo,

dis(l',y)=inf{||;i_g||;5d_i_i‘x and y.dgty} .

For z € c¢go, we let supp(z) = {i € N: z; # 0}, and write z < y for z,y € cgp if
max(supp(x)) < min(supp(y)).

We first reduce claim 1 to the case that f is 1-unconditional and 1-spreading,
By this we mean that f(3 aie;) = f(3 lailen;) for all ) aje; € X and all
strictly increasing sequences (n;) C N.

In order to reduce claim 1 to the 1-unconditional and 1-spreading case we first

pass to a sequence n; C N for which

[4
) iei) = lim lim ... 1 ( i€n )
f (Eae) ll—r’n°° kzl—x'noo zl—I‘noof Eae ki

i=1

exists for all £ and scalars a;,a3,...,a It follows that f(!) is 1-spreading on
X. If X is defined over R we let t,. =2, for n €N, and put (&), =(1,-1). K
X is defined over C we let £, = n, for n € N, and (E,)f';l =el27i/™) K X = ¢,
1 < p < 00, let (u,) be a sequence in X with u; <u; <--- and

n L,

di 1
Un Ist( 7 )I/P E Zste(ﬁ—l)ln*’t’ for ne N.

s=1 t=1
If X = ¢o we let (un) be a sequence in X, with u; <uz <---, and

n-1

dmz the(a—l)t"ﬂ + Z

=1

Z §te(n+a-1)t..+t

Note that (un) is normalized, and that from the fact that @ is 1-spreading it

follows that for some sequence €, | 0 and some subsequence (i) of (un),

f(x)( :

k
> a,-a,+,,) e AR (E a,-ajﬁj+,,)
j=1 j=1
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whenever k,n € N, |o;| =1, for j =1,2,...,k, and || ELI ajejf| =1

Pass now to a subsequence (n;) C N for which

4 14
(2) e = L : 3 (1) .
f (E ale!) = hh_f’noo kzh_IPw cee klh—inoof (; atunk;)

=1

exists, whenever £ € N and (;)f_; € cgo. f? is 1-unconditional and 1-spreading
and we need only prove that claim 1 is true for f®). Now it follows that f(?)
is Lipschitz on X with respect to dis(.,.). Thus, in order to finish the proof of

claim 1 we need to show the following claim 2.

CLAIM 2: For every € > 0 and k € N there is a block basis (z;)%_, of (e;) which
is normalized in X, having the property that the set
- 1}

k
DL

i=1

k
B+(1:1,...,:l:k) = {Ea;m;:O <a;i <1,

i=1

has diameter less than e with respect to dis(-, -).
Proof of Claim 2:

CASE 1: X = {,, 1 < p < oo. In this case we consider as in [L] the “ra-
tionalized” version of £, i.e., £,(D) = {(2¢)eeD: X 4ep [24/P < o0} where
D =Qn(0,1). Let (eq)qep denote the natural basis of £,(D). For n € N define
the operator Tn: £,(D) — £,(D) by

n
T(Tare) =Y X aweri-nra-

g€D 7=1 ¢€D

For every n € N, A, = n'/? is an approximate eigenvalue of T, [L] and since 7T,
and T,, commute for n,m € N one can choose for a fixed m € N, m > k, and
6 >0 a vector u =3 . puseq € Ba(£y(D)) so that supp(u) = {g € D: uy # 0}
is finite, and so that ||T,(u) — n'/Py|| < 6 for all m < n.
Let 2; < 73 < -+ < 2y b: elements of £, (= £,(N)), each having the
ist x—s

same distribution as u (i.e., zx = Y ., uge; where ¢ < g2 < -+ < ¢, and
supp(x) = {g1,92,--.,4s}). We deduce that for any scalars a;,as,...,a; with
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I Zf:l a;e;ll =1 we have

dis(a: E":a T ) b dis(:c (mi)l/pz )
1, % ) = 1, — i
=1 =1 m
5. (1 & k rmat/e
Sdls(mllp Z:ts , Z(;‘) xi)

k mq
s }/p Zdis(zzj, (mi)l/Pzi)Sk-ci,
m =1

i=1

where my,...,m; € N with 325 m; = m are chosen so that ¥ |o; ~ (miyt/p|is
minimal, and where §; depends on m and decreases to zero for m — oco. Thus,

choosing m big enough and é small enough we deduce claim 2 in the case that

X =4,

CASE 2: X =c¢o. In this case Lemberg’s argument does not work, but we are
able to explicitly write down the desired vectors z,,z3,..., Tk.

For 0 < r < 1 we will define a sequence of vectors (y(™: n € Ny) in Ba(co)Ncgo.
(n)

We put y(® = ¢; and assuming y(™ = Ef;l Y; €; is chosen we put

Ln
y("'”) = Z (T"“es(i—l)ﬂ + yfn)ea(i—1)+2 + T"+163(i—1)+3)
=1
(thus yV = (r,1,1,0,...), ¥ = (r2,r,72,72,1,72,72 1,72,0,...), etc.). Choos-
ing r < 1 big enough and n € N big enough and letting z; < z2 < -+ < x4 all

have the same distribution as y™ one also deduces claim 2. 1

Remark: After we obtained Theorem 9, we learned of the result of T. Gowers
[G], which yields a considerably deeper version of Claim 1 in the case X = c;.
Gowers showed that for every Lipschitz function f: ¢p — R and every € > 0 there
is an infinite dimensional subspace ¥ of ¢¢ so that osc(fls, ) < €. This is false
for X = ¢, (1 < p < 00) [0S]. |
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